
MATH 220.201 CLASS 7 SOLUTIONS

Today we'll revisit some basics of set theory. These statements will be simple but
it will give us practice with writing proofs. It is also an opportunity to solidify our
fundamentals. We can assume all the axioms of logic (i.e. Chapter 2).

1. Let A,B be sets. Prove that (A ∪B)− (A ∩B) = (A−B) ∪ (B − A).

Solution 1: First we prove that (A ∪ B) − (A ∩ B) ⊆ (A − B) ∪ (B − A).
Suppose that x ∈ (A ∪ B) − (A ∩ B). Then x ∈ A ∪ B and x /∈ A ∩ B. In
particular, x ∈ A ∪ B, so either x ∈ A or x ∈ B. We consider these two cases
separately (with the additional stipulation that x /∈ A ∩B).
Case 1: If x ∈ A and x /∈ A ∩B, then

(x ∈ A)∧ ∼ ((x ∈ A) ∧ (x ∈ B)) ≡ (x ∈ A) ∧ (∼ (x ∈ A)∨ ∼ (x ∈ B))

≡ ((x ∈ A)∧ ∼ (x ∈ A)) ∨ ((x ∈ A)∧ ∼ (x ∈ B))

The �rst clause is a contradiction, and so we are left with (x ∈ A)∧ ∼ (x ∈ B),
which implies x ∈ A−B.
Case 2: Suppose x ∈ B. This case is similar to the previous one, with the roles

of A and B switched.

Solution 2:

x ∈ (A ∪B)− (A ∩B) ≡ (x ∈ A ∪B)∧ ∼ (x ∈ A ∩B)

≡ ((x ∈ A) ∨ (x ∈ B))∧ ∼ ((x ∈ A) ∧ (x ∈ B))

≡ ((x ∈ A) ∨ (x ∈ B)) ∧ (∼ (x ∈ A)∨ ∼ (x ∈ B))

≡ ((x ∈ A)∨ ∼ (x ∈ A)) ∧ ((x ∈ A)∨ ∼ (x ∈ B))

∧ ((x ∈ B)∨ ∼ (x ∈ A)) ∧ ((x ∈ B)∨ ∼ (x ∈ B))

≡ ((x ∈ A)∨ ∼ (x ∈ B)) ∧ ((x ∈ B)∨ ∼ (x ∈ A))

≡ (x ∈ A−B) ∧ (x ∈ B − A)

2. Let A,B be sets. Prove that A = (A−B) ∪ (A ∩B). (Hint: Let x ∈ A. Case 1:
x ∈ B. Case 2: x /∈ B.)

Solution 1: First, we prove that A ⊆ (A − B) ∪ (A ∩ B). For any x ∈ A,
either x ∈ B or x /∈ B, so let us address these two cases separately.
Case 1: If x ∈ A and x ∈ B, then x ∈ A ∩B, and so x ∈ (A−B) ∪ (A ∩B).
Case 2: If x ∈ A and x /∈ B, then x ∈ A−B, and so x ∈ (A−B) ∪ (A ∩B).
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Now, we show that A ⊇ (A−B)∪(A∩B). Suppose that x ∈ (A−B)∪(A∩B).
Then either x ∈ A−B or x ∈ A ∩B.
Case 1: If x ∈ A−B, then x ∈ (A−B) ∪ (A ∩B)
Case 2: If x ∈ A ∩B then x ∈ (A−B) ∪ (A ∩B).

Solution 2:

x ∈ A ≡ (x ∈ A) ∧ (x ∈ B ∨ x /∈ B)

≡ (x ∈ A ∧ x ∈ B) ∨ (x ∈ A ∧ x /∈ B)

≡ (x ∈ A ∩B) ∨ (x ∈ A−B)

3. Prove that A× (B ∪ C) = (A×B) ∪ (A× C).

Solution:

(x, y) ∈ A× (B ∪ C) ≡ (x ∈ A) ∧ (y ∈ B ∪ C)

≡ (x ∈ A) ∧ ((y ∈ B) ∨ (y ∈ C))

≡ ((x ∈ A) ∧ (y ∈ B)) ∨ ((x ∈ A) ∧ (y ∈ C))

≡ ((x, y) ∈ A×B)) ∨ ((x, y) ∈ A× C)

≡ (x, y) ∈ A× (B ∪ C)

4. Let A,B be sets.
(a) Prove that if A = ∅ or B = ∅, then A×B = ∅.

Solution: Note that, for any x, y,

(x, y) ∈ A×B ≡ (x ∈ A) ∧ (y ∈ B)

First, suppose that A = ∅. This means that for any x, x ∈ A is false.
Thus, (x ∈ A) ∧ (y ∈ B) is false for any x, y, and so A × B is empty. Now
suppose that B = ∅. This means that y ∈ B is false for any y. Thus,
(x ∈ A) ∧ (y ∈ B) is false for any x, y, and so A×B is empty.

(b) Prove that if A×B = ∅, then A = ∅ or B = ∅.

Solution: Let's prove the contrapositive. Suppose that A and B are both
nonempty. Then ∃x, x ∈ A and ∃y, y ∈ B. Then (x, y) ∈ A×B. Thus A×B
is nonempty.

5. Let A,B,C,D be sets.
(a) Prove that if A ⊆ C and D ⊆ B, then (A×B) ∩ (C ×D) = A×D.
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Solution: Suppose that A ⊆ C and D ⊆ B. Then

(x, y) ∈ (A×B) ∩ (C ×D) ≡ ((x, y) ∈ A×B) ∧ ((x, y) ∈ C ×D))

≡ (x ∈ A) ∧ (y ∈ B) ∧ (x ∈ C) ∧ (y ∈ D)

Since A ⊆ C, (x ∈ A) ∧ (x ∈ C) ≡ (x ∈ A). Similarly, since D ⊂ B,
(y ∈ B) ∧ (y ∈ D) ≡ (y ∈ D). So

(x ∈ A) ∧ (y ∈ B) ∧ (x ∈ C) ∧ (y ∈ D) ≡ (x ∈ A) ∧ (y ∈ D)

≡ ((x, y) ∈ A×D)

(b) Prove that if (A×B) ∩ (C ×D) = A×D then A ⊆ C and D ⊆ B.

Solution: As before,

(x, y) ∈ (A×B) ∩ (C ×D) ≡ (x ∈ A) ∧ (y ∈ B) ∧ (x ∈ C) ∧ (y ∈ D)

≡ (x ∈ A ∩ C) ∧ (y ∈ B ∩D)

≡ ((x, y) ∈ (A ∩ C)× (B ∩D))

The assumption therefore gives us that A = A ∩ C and D = B ∩ D. This
implies that A ⊆ C and D ⊆ B.1

1This is, given a basic statement about sets which one can prove:

A = A ∩ C ⇐⇒ A ⊆ C

This is a basic property which you can prove as an exercise, and which we assume going forward.


