MATH 220.201 CLASS 24 NOTES

1. RECALL FROM LAST TIME: CONVERGENCE

Recall the following definition from last time.

Definition 1.1. Let ay,as,as,... be a sequence of real numbers. We say that {a,}
converges to the real number L if]

Ve > 0,dN > 0,Yn > N, |a, — L| < ¢
If a sequence does not converge, we say it diverges.

As an example, consider the sequence defined by a; = 1 and

Ap+1 = QAp + —
ap,
for every n > 1. So this sequence goes 1,2,2.5,2.9,.... It is increasing, but the rate of
increase slows.

Proposition 1.2. This sequence diverges.

Proof. Since a,, is positive for every n, it follows that a,,,1 > a, for every n. Suppose for
a contradiction that this sequence converges to some limit L.

First, we’ll prove that a, < L for every n. Let us suppose there is some m such that
apy > L. Write a,, = L 4+ d for some d > 0. Then a,, > L + d for every n > m. If d > 0,
then it becomes impossible to have |a,, — L| < € when € = d, giving a contradiction. If
d=0,ie. a, =L, then a,,; = L+ %, and we have the same contradiction as the case

d > 0. Thus, for every n, a, < L. Consequently, ai > %, and so
1
Upy1 = Qp + — > ap + —
an, L

Now pick € = 5-. Then there is some N such that for every n > N, |a, — L| < 5-. In
particular, this implies a, > L — 5-. Then

1 1 1
Apt1 > (L—ﬁ)—i-z—[/‘i‘ﬁ

But this contradicts the fact that a,,, < L! Therefore, no such L can exist.
O

Here I've omitted the stipulation that N be a natural number. Whether N is or isn’t a natural
number isn’t really relevant, as long as n is required to be one.
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2. INFINITE SERIES

An infinite series encodes the idea of summing an infinite number of terms.

Definition 2.1. Let x1,x9, 23, ... be real numbers. Then the series

Zxkzml—i—xg—l—mg—i—...
k=1

is defined as the limit lim > xy. Written another way, this is

T+ 29+ 23+ ... = lim s,
n—oo
where s, = x1 + X9+ ...+ T, = > Sk. S, 1S called the n-th partial sum. xj is called

k=1
the k-th term of the series.

Note that there is an important difference between the terms z; and the partial sums
sn. Consider the following example:

1
k(k+1)

. 11 1 1
Here, the terms of the serles are 315 150390 - The sequence {z} converges to 0.

However, the series 5 + + 1 + 55 converges to 1.

T —

Proposition 2.2. The series Z oD k+1 converges to 1.
Proof. In the worksheet from Class 10, we proved by induction that

i 1 n
—~k(k+1) n+1

n
n+1"

In other words, the n-th partial sum is s, = We must therefore prove that

nh_}rrolo -7 = 1. For any €, as longas n > N = % we have that
lsp — 1] = ! <€
n—+1
We have thus shown that for every e there exists an N, and so s, — 1. 0

3. TwWO EXAMPLES

Suppose that x1 + 29 + x5 + ... is a series whose terms are all positive real numbers.
What conditions are required in order for this series to converge? It’s rather intuitive

(and you should try proving!) that if Z xp converges, then hm xr = 0. But as the

example on page 1 shows, this isn’t necessarlly enough. So now the question is, how
quickly must x; decrease in order for the series to converge? Here are two examples
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Proposition 3.1. Let z;, = % Then the sem’e

Zx—1+1+1+1+
e A T T S

diverges.

Proof. We can bound the 2™-th partial sum from below

om om
Z%—1+ +Z‘+Zg+ 4
k=1 k=21+1 k=22+1 k=2m— 1+1
>1+;+Z—+Z—+ Z —
=21+1 =2241 =2m— 1+1
B 1 1
= +§+§+§+ +§
14
2

Thus, sym > 1+ 7. Because s, is increasing as n — oo, it follows that for any n > 2™,
Sn > 14 2. Thus, s, — oof] O

Proposition 3.2. Let z;, = k% Then the series

Zx—1+1+1+1+
k:lk_ 49" 16

convergesﬁ

Proof. We have that

1
=l — .
s too Tty
> 1+ ! + ! +...+ !
1-2 23 77 (n—1)n
1 1
ST L S
n n

Thus, for every n, s, < 2 — %, so the s,’s are bounded above. Therefore, the series

converges. 0]

2This is called the harmonic series.
3You can use an argument similar to that above to show that som < m + % This gives you a pretty

good estimate of how quickly the partial sums grow, as sgm is somewhere between 5+ and m for large
values of m.

It turns out this series converges to %2. The question of how to prove this is called the Basel problem.
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4. GEOMETRIC SERIES AND THE RATIO TEST

You may also be familiar with geometric series. These show up in a variety of places
in nature.

Definition 4.1. A geometric series has the form

a+ar+ar2+ar3+...

for some real numbers a and r. That is, x, = ar™ 1.

ratio.

a s the first term and r is the

Proposition 4.2. The geometric series above converges to % when |r| < 1 and to 0

1—
when a =0. If |r| > 1 and a # 0, it diverges.

Proof. Clearly if a = 0, the geometric series converges. So let us now assume a # 0.
Consider the equation
AI4+r+r+..  +r"HA=r)=1-1"
If r £ 1, we can divide both sides by 1 — r to get
1—7r"

l+r+r24+.. "=
1—r

n
Thus, the n-th partial sum, s, = k; ar* ! is equal to a - % as long as r # 1. So

1 1- li_>m (r™)
lim s, = lim a- =a- s
n—00 n—00 1—17r 1—17r
If |r] < 1, lim (r") = 0 and so the above equals *-. If |r| > 1, lim (r™) diverges, and
n—00 n—00

the above diverges.
The last case we did not address is when r = 1. In this case, the geometric series is

atat+at+a—+...
which clearly diverges. O

Okay, here’s how we can use geometric series to prove the convergence of series that
aren’t quite geometric series.

k(k—1)
3k

oo
. The series Y xj converges.
k=1

Proposition 4.3. Let xj, =

The idea here is that once we get to very big k, xx.1 is only slightly larger than
x1/3. The denominator always gets multiplied by 3 from each term to the next, but the
numerator does not increase very much. So if xyq is only slightly larger than xy/3, it
must be smaller than x/2. We then can use this face to bound the tail of the series by
a geometric series of ratio 2.

Proof. We first claim that for k£ > 5, x;—zl < =. This is true because

1
2

$k+1_% k+1

rp  EED o 3(k—1)
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and "
+1 1
— < = 20k +1)<3(k—1 <k
3(k_1)_2<:>(+)_3( ) <= 5<
Thus, it follows that
1
$6§§$5
1 1
I?Sg%ﬁz%
1
5Em+5§2—m$5

Thus, looking at the (n + 5)-th partial sum for some n,

Sn45 =T1+Ta+ ...+ Tpys

1 1
S1'1+$2+I3+$4+I5+§l’5+...+2—n$5

1
=21+ X9+ X3+ x4+ (2—27) Ts

§x1+x2+x3—|—x4+2x5

_O+2+2+4+40_184
n 9 9 27 243 243

So the s,,’s are bounded above and each is larger than the previous one. Therefore, they

converge. (and in fact, converge to something less than 33.) O

Just for fun: If you would like to know how you’d compute the exact value of a series
like this, there are some neat tricks for doing this. Consider the function f(z) defined
on the interval —1 < z < 1:

1 o
f(z):1_Z:1+z+22+23+z4+...222k
k=0

The fact that these two expressions shown are equal holds because of the expression for
the sum of a geometric series - which is valid whenever —1 < z < 1. If you calculate

f(1/3), it gives you the value of 11621(1/3)’“*1 to be equal to 1_—11/3 = 3/2. But you could

instead look at f'(z):

1 o0

f(z) = =S =1+22+322+423 + 524 + ... :Zkzk_l
k=0

Take the derivative again to get

2 o
fl2) = ——5 =2462+122"+202" + ... = k(k—1)2"
(1=2) par
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Now if you plug in 1/3 you get

. 2 “k(k—1
f(U@ZW:kZ_O(?)Tz)

This looks a whole lot like the sum we’re trying to compute! The k = 0 term is zero,

so this is the same as ) k;’,ﬁ}p. So if you take this and divide by 32, you’ll get the sum
k=1
we're trying to actually calculate. Thus,

ik(k:—l)l 2 2.3 |3
3k 32 (2/3)3 32.23 |4

k=1

5. SUPREMUM, INFIMUM, COMPLETENESS AXIOM

We didn’t get to the definition of the supremum, infimum, and a discussion of the
Completeness Axiom in class today. See the notes posted on the main course website if
you are curious. It has to do with how one axiomatically constructs the real numbers!
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