MATH 220.201 CLASS 16 QUESTIONS

1. Let A={1,2,3,4,5,6} and B = {m,e,+/2}. Define a function f : A — B by

fO=f@)=f@=r  fB)=e fB)=f(6)=v2
Give a relation R on A with the property that aRb <= f(a) = f(b). That is,
list out the elements of R.

Solution: The relation is
R ={(1,1),(2,2),(4,4),(1,2),(2,1),(1,4),(4,1),(2,4),(4,2),(5,5),(3,3),(6,6), (3,6), (6,3)}
A more abstract way this could be written is

(M) x FHE) U He) x fHe) U (FH(V2) x £71(V2))

2. Prove the following statement: For an equivalence relation R on A, aRb <=
[a]r = [b]r-

Proof. First, suppose aRb (and so also bRa, by symmetry). Pick any z € [a]z.
Then aRzx. Since bRa, it follows by transitivity that bRz, and so x € [b]g. Thus,
[alr C [b]r. A similar argument shows [bjz C [a]g. So [a]r = [b]r.

Now suppose that [a]r = [b]zr. By the reflexive property, bRb, so b € [b]gz. So
b € [a]g. Thus, aRb. O

3. Let R be an equivalence relation on A, and consider the function f: A — A/R
defined by f(a) = [a|r. Suppose that f is injective. Then what can you say
about R?

Solution: If f is injective, then for any two distinct elements a,b € A, f(a) #
f(b). So, from the previous question, this means a and b are not related by R.
Hence, this means R consists of only pairs (a, a).

4. Consider the function f : Zs — Zs given by f([z]) = [3z + 1]. Prove that f is
both injective and surjective. (Note: you only need to prove one of injectivity
and surjectivity to deduce the other. Why?)

Proof 1. If z = 0 (mod 5) then x = 5k for some integer k. Then 3z + 1 =
15k+1 =1 (mod 5). Thus, f([0]) = [1]. Similarly, one can show that f([1]) = [4],
f(2]) = [2], f([3]) = [0], and f([4]) = [3]. Thus, the function is explicitly seen to
be bijective. 0
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Proof 2. We prove that the function is injective. We must show that if f([z]) =
f([y]), then [z] = [y]. Suppose that z,y € Z are such that f([z]) = f([y]), i.e.
Bx+ 1] = [y + 1]. Then 3z +1=3y+ 1 (mod 5), so 3z = 3y (mod 5). Then
5| 3(x —y). Thus, 5| z —y, so x =y (mod 5) and so [x] = [y]. So f is an
injective function.

Now we prove the function is surjective. Pick any = € Z. We claim that

f([2x — 2]) = [z]. Indeed,
f[22 —2) = [322 — 2) + 1] = [62 — 5] = [z + 5(x — 1)] = [a]
]

. Let A = R, and consider the equivalence relation R on A given by aRb iff
b — a € Z. How many equivalence classes are there? Can you describe them?

Solution: There are infinitely many equivalence classes, each represented
uniquely by a real number in the interval [0,1). For example, 2.37,5.37, and
—0.63 are all elements in the equivalence class [0.37]. For any real number z,
its representative in the interval [0,1) is called its fractional part, and is often
denoted {z}.

You can imagine the set of equivalence classes as the interval [0, 1), but when
you approach the right endpoint 1, you are instantly transported back to 0.

. Let A be the set of lines in R?, and consider the equivalence relation where two
lines are equivalent if they are either the same line, or are parallel. How many
equivalence classes are there? Can you describe them?

Solution: Again, there are infinitely many equivalence classes. Each line is
equivalent to one through the origin (you can translate a line and it remains
parallel), so there is one equivalence class for each line through the origin. (You
might think this means there is one equivalence class for each direction (i.e. each
unit-length vector) going radially outward from the origin, but that’s not quite
true, because opposite vectors are represented by the same line!)

Here’s one way to think of it: any line through the origin is the graph of the
equation y = ax where a is its slope, unless the line is vertical (in which case
the equation is x = 0). So you have one line for every real number, and then an
additional ‘o0’ line. Meaning the set of equivalence classes is RU {oco}. ({00} is
a one-element set where we are calling the element ‘c0’.)



