MATH 21B, FEBRUARY 2: LINEAR TRANSFORMATIONS

Note: 1 have changed the names of a few letters and variables in these solutions.

A linear transformation is a mapping T : R" — R™ satisfying two properties:
(1) T(Z+9) = T(Z) + T(y) for any Z, 5 € R™. (Additivity)
(2) T(A\Z) = X\ -T(Z) for any ¥ € R™ and any A € R (Scaling)
Two important properties that emerge from the above are the following:

o T(MZ + Xoy) = MT(Z) + X\oT' (). This arises from combining the two properties above.

. T(ﬁ) =0, where 0 in any space denotes the all-zeroes vector. This comes from setting A = 0
in the second property above.

An m X n matrix A defines a linear transformation R™ — R™ via the matriz product:

a1  ar2 - Gln T a11T1 + a12T2 + ... + A1 Tn
a1 Qg2 - G2n T2 a21T1 + a22T2 + ... + a2nTn
am,1 Om2 **° Amn In Am,1T1 + @y 2T2 + ... + Gy Ty

or, more succinctly, AZ = b.

I claim above that any matrix defines a linear transformation, but I haven’t explained why this
is true. Here, as an example, I'll verify it for any 2 x 2 matrix, i.e. show that any 2 x 2 matrix

defines a linear transformation R? — R?. Suppose that we have a 2 x 2 matrix, A = [CCL Z] . Then,

for any vectors & = 1 and y= y1 ,
T2 Y2

wern =0 1] [nou]- [ rm e

_ laxy + bxo ayr +by2|  |a b| |1 a bl |yi| . .

B [cml—i-dmg] T [cy1+dy2 e d| |xo T c d| |y =A-Z+4-9
which confirms that the first property holds true. Note the structure of the argument here. In
practice, I might start by picking a bunch of particular vectors Z, § and verifying that A - (Z+g) =
A-Z+ Ay holds true. I'd then see that in each such case, the structure of the equations looks
somewhat similar. The equations I've written above are the general case of that argument - they

hold true no matter which vectors Z, ¥ you pick. Checking the second property is similar. For any

vector & = Bl} and any constant A,
2

o la b [Az1| _ |adw1 4+ bAxa
A- (A7) = [c d] |:)\.’E2:| - [c)\xl +d)\x2]
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(1) In each of the following decide whether the given function is a linear transformation. (Added
challenge: if it is linear, can you find a matrix which describes it?)

(a)

(b)

T : R? — R? defined by T(¥) = 3%
Solution: T is linear, because it is described by the matrix [3 O] .

0 3
ro-[p 3] [o] - ] o0

T : R? — R? defined by T(#) = 7 + m :

Solution: T is not linear, because

70 = [+ [ = [}

which is not the zero vector.
x

T :R3 — R defined by T [ |y = xyz.

z
Solution: T is not linear, because the scaling property does not hold. For example, if
¢ is any constant,

x x|
Tlelyl | =T\ |ey| | = (cx)- (cy) - (c2) = 3 - (zy2)
z cz |
-
which is not equal to ¢- T | |y =c- (zyz).
Z_
T : R? — R? defined byT({I1 ) = [mler?].
.TQ_ 21‘1 — X2
Solution: T is linear, because it is described by the matrix ; _11 , l.e.

1 1 1| | 1+ 72
2 -1 X9 o 2$1 — X2
Note that the two columns of the matrix, [ﬂ and [_11], can be immediately read off

as the coefficients of 1 and x2 on the right side of our original equation.
T : R? — R* defined by T(¥) = 0.

Solution: T linear because it is described by the matrix (This is a 4 x 2

OO OO
OO OO

matrix because it maps from R? — R%.)
T : R? — R? defined by T'(#) — the vector obtained by rotating Z by 90° counterclock-
wise around the origin.



Solution: 7T is linear. We can prove this abstractly, by checking the two required
properties, but we can also just generate the 2 x 2 matrix for T' by seeing where it sends
the standard basis vectors. Thinking geometrically about what a 90° counterclockwise
rotation does, we find that

(o)) = [} () =[]

Thus, [(1)] and { 01] are the columns of the matrix describing T, i.e.

T(7) = [(1) ‘01] . F

(As a sanity check, try plugging in & = [g} . What do you get? If you plot this in the

plane, is it what you expect?)

(2) Suppose that T : R? — R? is a linear transformation, and all you know about it is that

1 3 2 3
(1)) = Bl e (B) = [
(1) 7 If so, find it; if not, explain why not.
Solution: Yes, we can. Because T is linear, we have that for any A\; and Ao,

(] e f5]) = (B]) +er () =0 [ e

So we should try to find Aj, Ag such that \; B] + Ao [ﬂ = B] . That is, we must solve

(a) Can you compute T’

the system of linear equations

A+ 2N =1
2\1 + bX = 0

Solve to get A\ = 5, Ay = —2. Therefore,

(]) =7 G2 [3]) =B =[] [

(b) Can you compute T’ ([(1)

])? If so, find it; if not, explain why not.

Solution: Similarly, we want to find A1, Ao such that A\; [ﬂ + Ao E] = [ﬂ Routine

calculation yields A\; = —2, Ay = 1. Therefore,

r(B]) =7 Cob] + B) =B [ [

(c) Can you write down a matrix that describes T'7
Solution: Yes, we have just calculated the two columns of the matrix that describes

. .19 =3
T. The matrix is [3 1 }



(3) Suppose that T : R® — R? is a linear transformation, and all you know about it is that

1 2
T 2 = [_12] and T | |4 = [a
1 6
1
(a) Can you compute T | |3| |7 If so, find it; if not, explain why not.
5
1
Solution: We do not have enough information, because |3| cannot be written in the
5
1 2
form A\ |2] + A2 |4], i.e., as a linear combination of those two vectors. We can see
1 6

this by observing that in any such linear combination, the second coordinate will be
twice the first coordinate.

1
(b) Can you compute T' | [2]| |? If so, find it; if not, explain why not.
7
1 1 2
Solution: Yes, we can, because |2| = —2 |2 —1—% 41, and therefore,
7 1 6

Note: In the above question, how much information about the matrix of T can we deduce
a1 a2 a3
a1 G22 a3
that we need to solve for, then the two pieces of information given in the problem tell us

from the given information? If we write this matrix as [ ] , with six variables

a1 + 242 + a3 = 1
a1 + 2a22 + a2 = —2
2011 + 4a12 + 6arz = 2
2a01 + 4azp + 6agzp2 = 0
Pairing off the first and third row, as well as the second and fourth, we get two systems
a1 + 2412 + a3 = 1 a1 + 2a22 + a2 = —2
20,171 + 4@172 + 6&1,3 = 2 2@2’1 + 4a2,2 + 60,272 = 0

with each being a system of two equations in three variables. So, if we knew the value of T’
at one more vector, it would give us another equation in each of these systems, and if that
new equation were independent of the equations we have so far (i.e., not a linear combination
of the equations we have), then we could solve for T'. This corresponds to knowing 7" at a

1 2
vector which is not a linear combination of the vectors [2| and |4].
1 6



